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Abstract 
For nonlinear autonomous systems with the origin as a fixed point, the existence of a density function with its time 
derivative greater than zero implies almost global stability and local asymptotical stability, which is convenient for 
verification. Further, if the divergence at the origin is less than zero, the existence of a density function with its time 
derivative greater than zero is both necessary and sufficient condition for almost global stability and local 
asymptotical stability. Examples illustrate the validity of the results. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction 
A novel convergence criterion for the nonlinear systems, recently derived by Anders Rantzer, can be 
viewed as a dual of Lyapunov's stability theorem [1]. The convergence criterion is stated in terms of a 
function which can be interpreted as the stationary density of a substance that is generated all over the 
state space and flows along the system trajectories toward the equilibrium [6]. 
 Study of such new convergence criterion is appealing since it has a remarkable convexity property 
related to control synthesis, and it applies to examples where the system is not globally stable in the sense 
of Lyapunov and also allows applications in situations where Lyapunov's theorem cannot be used [6]. 
The original results in [1] have been stimulated a new field of research on nonlinear systems. For 
example, numerous results related to new convergence criterion have also been obtained. Converse results 
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have been derived [2], [3], [4], [5]. Controller synthesis of nonlinear system using density functions has 
been considered in [6], [9]. Topological restrictions have been addressed in [7]. Relationships between 
Lyapunov and density functions have been analyzed in [1], [8], [10], [11].  
Particularly, in [12], the idea of monotone measure has been blended with the classical Poincare-
Bendixson theory to obtain a relationship between almost global stability (a.g.s.) and local stability of the 
origin for planar systems. Results obtained in [2], [3], [4], [5], ensure the existence of density functions 
for almost global stability with local asymptotical stability (l.a.s). In [8], the authors extended the planar 
results of [12] to higher dimensions. They prove that for autonomous differential equations with the origin 
as a fixed point, and at least one eigenvalue with negative real part, the existence of a density function 
implies local asymptotical stability. Motivated by [8], we prove that the existence of a density function 
with its time derivative greater than zero also ensures almost global stability and local asymptotical 
stability. Also, the result is convenient for the verification of local asymptotical stability, especially for 
higher dimensions. Further, if the divergence at the origin is less than zero, the existence of a density 
function with its time derivative greater than zero is both necessary and sufficient condition for almost 
global stability and local asymptotical stability for nonlinear system. 
The outline of the paper is as follows. Section 2 states the main concepts, and Rantzer's theorem. In 
section 3, the main results of this paper are presented. In Section 4, we present several examples that 
illustrate our results and give us an idea of the problem we are dealing with. Finally, some conclusions are 
presented in Section 5. 
The notion 
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will be used throughout the paper. 
2. Preliminaries 
In this section, we shall first state the definition of almost global stability and density function. We 
review Rantzer's theorem (a new convergence criterion) in [1]. 
Definition 1 [2] We will say that the origin 0=x  is an almost globally stable fixed point for system 
)(xfx =&  if 0)0( =f  and almost all trajectories converge to it, i.e., if we note by )( 0xf t  the trajectory at 
time t that starts at ,0x  then the set  
}0)(lim|{ 00 ≠∈ +∞→ xfRx
t
t
has zero Lebesgue measure.
Definition 2 [2] Consider the system )(xfx =& , with ,nRx∈ ),(1 nn RRCf ∈ , .0)0( =f  A density function 
for the given system will be a function ),0[}0{\: +∞→nRρ , of class ,1C  integrable outside a ball centered 
at the origin and such that 0)]([ >⋅∇ xfρ  almost everywhere with the Lebesgue measure in .nR
161Jiafeng Yu et al. / Procedia Engineering 29 (2012) 159 – 163 Jiafeng Yu  Jia  Wang  Qinsheng Li / Procedia Engineering 00 (20 1) 000–000 3
 We shall state Rantzer's theorem that will be used in this paper [1]. 
Lemma 1 [1] Given the equation )),(()( txftx =&  where ),(1 nn RRCf ∈ and ,0)0( =f  suppose there exists a 
non-negative )},0{\(1 RRC n∈ρ  such that ||/)()( xxfxρ   is integrable on }1|:|{ ≥∈ xRx n  and 
0))(( >⋅∇ xfρ     for almost all x.                                                      (1) 
Then, for almost all initial states )0(x  the trajectory )(tx  exists for ),0[ +∞∈t  and tends to zero as ∞→t .
Moreover, if the equilibrium 0=x  is stable, then the conclusion remains valid even if ρ  takes negative 
values.
Almost global stable plus local asymptotically stable implies the existence of a density function, which 
is true; see, for example, [2], [3] , [4], [5]. 
Lemma 2 [4] Given a complete differential equation )(xfx =&  with 1Cf ∈  such that the origin is a almost 
globally stable and locally asymptotically stable fixed point for the flow tf , there exists a density 
function ρ  differentiable and with continuous derivative up to a set of zero Lebesgue measure.  Also, this 
density function  can be constructed such that it is zero in the complement of the basin of attraction.
3. The main results 
Now we give the results in this paper. 
Theorem 1 Given the system ),(xfx =&  with ,nRx∈ ),(1 nn RRCf ∈  and ,0)0( =f  if system admits a 
density function such that 0))(( >⋅∇ xfρ  and  
                                                                    ,0| >Dρ&                                                               (2) 
then the origin is almost globally stable and locally asymptotically stable. Here nRD ⊂ denotes a 
neighborhood of the origin except the origin itself.
Proof The origin is obviously almost globally stable by Lemma 1 (Rantzer's theorem). Now we will 
prove that the origin is locally asymptotically stable. Let .01 >= −ρV  Since there exists a neighborhood 
D of the origin except the origin itself such that ,0|| >⋅∇= DD fρρ& we get .0)( |2 <⋅∇−=⋅∇= − DffVV ρρ&
So V is a local strict Lyapunov function and the origin is locally asymptotically stable.  
Lemma 3 Given the system ),(xfx =&  with ,nRx∈ ),(1 nn RRCf ∈  and ,0)0( =f   if there exists a density 
function )},0{\(1 RRC n∈ρ , and the Jacobian matrix )0)(/( xf ∂∂ has at least one eigenvalue with negative 
real part, then .0| >Dρ&
             
Fig. 1.  Trajectories for the system of Example 1.                    Fig. 2.  Trajectories for the system of Example 2. 
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Proof Since ρ  is a density function, we have 0)( >⋅∇ ρf  by Lemma 1. If the Jacobian matrix  
)0)(/( xf ∂∂  has at least one eigenvalue with negative real part, it implies 0)0( <⋅∇ f . Since f  is continuous 
in the neighborhood of the origin, there exists a neighborhood D  of the origin except the origin itself 
such that 0| <⋅∇ Df . So .0)( |||| >⋅∇−⋅∇=⋅∇= DDDD fff ρρρρ&       
Thus we have the following Corollary, which was given in [8]. 
Corollary 1 [8] Given the system )(xfx =&  with ),,(1 nn RRCf ∈  and ,0)0( =f  if )0)(/( xf ∂∂ has at least one 
eigenvalue with negative real part and the system admits a density function, then the origin is almost 
globally stable and locally asymptotically stable.
Theorem 2 Given the system )(xfx =&  with ),,(1 nn RRCf ∈  and ,0)0( =f  assume that 0)0( <⋅∇ f , then the 
following two states are equivalent: 
(ⅰ)  The system admits a density function  such that 0))(( >⋅∇ xfρ  and  .0| >Dρ&
(ⅱ)  The origin is almost globally stable and locally asymptotically stable.Here nRD ⊂  denotes a 
neighborhood of the origin except the origin itself.        
Proof  Suppose that (ⅰ) holds. By Theorem 1, obviously, the origin is almost globally stable and 
locally asymptotically stable. 
Suppose that (ⅱ) holds. By Lemma 2, almost global stability plus local asymptotical stability implies 
the existence of a density function. Also, the existence of a density function implies 0))(( >⋅∇ xfρ  by 
Lemma 1. Since 0)0( <⋅∇ f  and f  is continuous in the neighborhood of the origin, there exists a 
neighborhood D  of the origin except the origin itself such that 0| <⋅∇ Df . By Lemma 3, we have .0| >Dρ&
The proof is complete. 
Remark 1 As shown in [8], that at least one eigenvalue has negative real part of the Jacobian matrix at 
origin and there exists a density function implies almost global stability and local asymptotical stability. 
In this paper, we were inspired by the result in [8]. It is interesting to note that some statements of [8] 
have a close relation to Theorem 1 and Theorem 2 in this paper. In term of ,0| >Dρ&  Theorem 1 is 
convenient for the verification of local asymptotical stability, especially for higher dimensions. 
4. Some examples 
Example 1  Consider the system [1] 
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with two equilibria )0,0(  and ).0,2(  Let .)()( 222
2
1
−+= xxxρ  Then 
.0)(4))](([ 222
2
1 >+=⋅∇+⋅∇=⋅∇ −xxffxf ρρρ
Thus all conditions of Lemma 1 hold and the system is almost global stable (i.e. for almost all initial 
states the trajectories tend to )0,0(  as ∞→t ).
If ,21<x  we have .0)2()(4 122221| >−+= − xxxDρ&  By Theorem 1, the system is local asymptotically stable. 
See Figure 1. Figure 1 shows that the divergent trajectories are those that start with 0,2 21 =≥ xx .
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Example 2 Consider the system 
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1 xxxxxxf ++=⋅∇ −ρ
is positive almost everywhere, by Definition 2, )(xρ  is a density function. 
Some representative trajectories are shown in Figure 2. Almost all trajectories converge to the origin. 
The only exceptions are the trajectories that 01=x . So the origin is not locally asymptotical stable. By 
Theorem 1, we judge that 0| >Dρ&  does not hold. It is true because ,0)2()(8 22215222121| ≥++= − xxxxxDρ&       
i. e. 0| >Dρ&  is not meet. 
5. Conclusion 
We have achieved a condition which guarantees almost global stability and local asymptotical stability. 
Furthermore, if the divergence at the origin is less than zero, the existence of a density function with its 
time derivative greater than zero is both necessary and sufficient for almost global stability and local 
asymptotical stability. We present several examples that illustrate the results. 
In future works, under the case of zero divergence at the origin, we should try to study the sufficient 
and necessary condition for almost global stability and local asymptotical stability. 
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